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E Golds to in* a factor 

kinetio energy- 
It ... Maoh mantber, momentum 



n rotational speed 

P power 

P-^ profile drag power loss 

Pi Induced power loss 

Pj, total power loss + 

p geometric pitch 

Q torque force 

Q-j. torque force per blade * 

E propeller tip radius, resultant force 

r station radius 

S rotational tip speed 

T thrust 

Tj_ thrust of single blade 

7 airplane velocity 

v^,v 2 » • • arbitrary velocities ■ 

W relative air velocity 

W Q tan" 1 ^ (See fig. 1.) 

w effective axial inflow velocity (profile drag equal 
to zero) 

Wn inflow velocity 



v a axial component of Inflow velocity 

v r rotational component of inflow velocity 

v 2 eff active rotational component In axial direction 

A (See appendix B.) . 

x - r/R 

a angle of attack 

Oq angle of attack for Infinite aspect ratio 

Induced angle of attack 

0 blade angle 

i\ section efficiency 

q a axial Induced efficiency 

T\ r rotational induced off loiency 

£*i efficiency loss ■ 1 - tj 

tjp propulsive efficiency - . 

Tjj induced efficiency (profile drag equal to zero) 

p mass density of air 

p Q mass density of air at sea level 

o seotion solidity ■ gjj^ 

0 angle of relative -air-speed Vector to -propeller 

disk (helix angle of vake) 

j? 1 ■ tan — = tan — (helix angle of propeller) 

2*rn Sx 

Figure 1 illustrates some of the symbols. The foot-pound-second 
system is used except where noted. 
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•'■■■■■ : V-i : LOSS >;:P]i(^PltJ5 ISAd. JOIlGEECTBD 1 ' ' 

General Analysis. 



At tenets bare been made to .determine analytically the "blade 
loading that will give a minimum loss of energy for a given thrust. 

" ' From original calculations by Goldstein and Beta, Lock and Ba tempo 
(reference 1). have developed formulas from which the loading' giving 
the minima energy- loss.* (profile drag - being neglected) may be' . 
- - obtained for lightly loaded propellers* Inasmuch as a propeller 
' has a relatively light . loading .at maximum,, efficiency, it is 
believed that the Goldstein theory; .will hold for efficient propellers 
iri the high-speed condition. 

, .' .1 i i .' . • ■ ■ 

- * ' Propellers with the optimum loading - (called Sets jpropellers 
herein) have been designed and tested in Great Britain* The British 
tests' of reference 1 show a maximum propeller .efficiency of 
93 *2 percent for a Bets propeller, an efficiency 3 percent higher 
than the efficiency of any other propeller of a fairly large group 
tested. The purpose of part I of .'this paper is to show how the loading 
that gives the minimum induced-energy loss can be obtained from 
rather elementary considerations and to present design charts from 
which such . a plan form can be quickly obtained for any set .of design 
conditions. 

Ghe characteristic of a propeller of optimum loading is that 
-. all sections along the blade operate at the same efficiency. With 
the condition Imposed that a propeller blade shall produce a given 
thrust, the blade may be designed to have any desired radial 
distribution of thrust. The highest efficiency will be obtained 
when the -thrust distribution is such that all sections operate at 
:the same efficiency. If one. section of a propeller is operating 
at a higher efficiency than the other sections, an Increase in 
over-all efficiency will be obtained by shifting some of -the load 
. from the less efficient sections to . the more efficient sections . 
In the end, the efficiency will be equalised over the whole blade 
because the. section efficiency decreases as the section load is 
* . increased. ■ 

The discussion of appendix A shows that, when the profile drag 
is assumed to be zero, the' condition for constant induced efficiency 
along the blade is specified by the fact that the effective Inflow 
velocity v is constant. (See fig. 1.) Under these conditions, 
the sheet of vortices shed by each blade moves backward as a rigid helix. 
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33m inflow v^locityy vitl - V ooa ^ is. produced: fvbto profile drag 

is neglected), by the lift force alone and is therefore shown In 
figure 1 to he at right angles .to the relative air velocity W. 

Appendix B shows that 

■ 1 tesinf* - 

M whore K is a factor, determined by Qoldstein, that .accounts foj; 
— v\ the difference in inflow velocity between propellers w^th an ' 
N^nf lnlte and a finite number of blades. Goldstein's original 
afifcerminations- of E covered only a relatively snail' range j which 
has been greatly expanded by Lock and others.. '-The value "of K : 
. varies with the number of blades^ the value of . x, and the . . 
angle 0. Plots of K against sin 0 ' with the parameter x, 
given in reference 2 for two-, three-, and four-blade propellers, 
have,- been reproduced in this report (is figures 2, 3,. and k* 

: ■■> ; • ■■■>' ■ v..-- 

The condition that -the wake moves backward as a rigid helix 
can be expressed mathematically' as 

x tan 0 a a constant 

This condition, the aerodynamic pitch of the propeller being constant, 
is .the one fundamental criterion for the propeller of minimum Induced, 
loss, the Bets propeller* Appendix B further shows that, when 
x tan 0 is a constant and when B, n, D, and- T are specified, the 
product • becomes a specif ic function of x. An approximate > 

relation developed by Lock and Batsman and confirmed' in; appendix B 
Is as follows: 



1 bOf, * SK sin 0 oos^J - (£)■' 

The necessary condition. . that x tan 0 be constant along the blade 
may -be -written 

'\ k^x ■ cot 0 • (2) 

The following two equations, therefore, result for any particular 
design: 

. " *9l » kk sin 0 cos^ 

* . ■ ■ .- ' ' i * . : ' 

' kji ■ cot 0 ■ ' ...... ■ . 
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where k and lcj_ are constants and K is given as a function 
of sin 0, x, and B in figure £, 3, or km 

With equations (1) and (2) and the rallies of K from 
figure 2, 3, or k t bpL/k can be plotted against x, vith k^ 

as a parameter, for the two-, three-, and. four-blade propellers for 
which values of K are available * When bX^/k is divided by its 

value at x •» 0*7, plots of ^Pl^Pl^^q ^ a S Binflt x » vith. kj. 
as a parameter, may be made • 

Die process Just mentioned has been carried out to obtain 
the families of Bets loadings for two-, three-, and four-blade 
propellers; these families are given In figures 5, 6, and 7* 
Ihe calculations were made for values of. the parameter kj_ of 1, 

1.5, 2, 3, and U, which in the figures have been interpreted In 
terms of the angle 0 at x ' ■ 0*7 by means of equation (2). 
The values of <p are given to the nearest 0«5° .. For many designs, 
however, it may prove advantageous to work out the distributions 
from basic considerations rather than from Interpolated values 
from the charts* 



The angle 0 is not explicit in the design Information. Its 
relation to more commonly used angles in propeller design Is therefore 
given to provide a better understanding of the figures . Tho angle f 

-1 V 

is greater -than tan by the amount of the induced angle o^, 

which is usually between 1° and 2° In the high-speed case. Furthermore, 
the angle <f> is less than the blade angle by the amount of the 
angle of attack Oq measured from the same reference line* 



Discussion of Figures 

Several significant features should be pointed out in figures 5 
to 8. It will be noticed In figures 5, 6, and 7 that, as the angle 0 
increases, the loads (T>Ql) on the Inboard sections become smaller 

with respect to the loads on the outboard sections* The shape of 
the loading of a Bete propeller is determined by the consideration 
of making the best compromise between Induced tip losses and 
rotational losses* As the value of ^.0.7 Increases, the angles 

in the shank, sections and therefore the rotational losses of the 
shank sections Increase; In order to balance this tendency toward 
loss, some of the load is shifted toward the tip. At low blade 
angles, the effect of Induced tip losses predominates and the load 
is shifted toward the shank* The best compromise is secured in all 
cases* 



<A 
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In the case of coatial counterrotating propellers, the desigu 
of which is not considered In this report, the rotational energy 
(losses} Imparted to the slipstream by the front propeller la 
partially recovered "by .the rear propeller , and the net rotational 
Iobb of the propeller combination is -thus greatly reduced. •• Therefore, 
as the rotational-loss factor for coaxial ooraterrotatlng propellers 
is leaa important than for single -rotating propellers, a considerable 
difference vill exist between the optimum loadings for these two 
types of propellers . The optimum loading for a counterrotating 
propeller vill call for nuoh heavier loads on the inboard sections 
and somewhat lighter loads on the tip sections than in the case of 
a single-rotating propeller* 

i • ■ 

Figure 8 shows a comparison between loading curves for Bets 
propellers of two, three, and four blades at Q^Jq^ - 35 -5° • 

As the number of blades decreases, the center of the load shifts 
toward the shank. This characteristic is the result of the higher 
induced tip loss of propellers with fewer blades. The design of 
Bets propellers i3 so intimately related to induced losses that 
the inclusion of. a brief discussion of induced tip loss was 
considered desirable. That discussion may be found in appendix C. 



. Application of. Data 

When differential thrust — ==■ is plotted against x , a curve 

d(x) 2 

of approximately semi elliptical shape is produced. If the curve were 
exactly semlelliptical, the following exact expressions for the total 
thrust of the blade in terms of the elementary thrust at station 
x a q«7 could be written: 



and, as 



then 



3^ -i* 



dT x dT-L 



d(xr at dx 



h 

1 A X ~ Tjl - 1.78 T x - aTjL 

7 



where a represents the oons tent I.78. 
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. Experience has ahovn, however, .that the ellipticity of the 
thrust dlatrlljutlon of a propeller varies vith the design value 
of J and that the value of a varies accordingly . For optimum 
propellers, the general trend in the variation of a vith J is 
indicated in the following table • 



TABUS i 



Design J 


a 


1.0 


1.61 


1.5 


1-73 


2.0 


1.79 




1.8a 


3;o tb k.o 


1.85 



Now, inasmuch as 



T - 550 X hp X Tfa 
1 TO 



and 



■ * 



substitution yields 



550 x hp x tjp x a 
TO ■* 



y 

Then, because W ~ aJja ^, the following evaluations can he made: 

V 'x-0.7 PV3BD ■ \°° B ?/x-0.7 
and, assuming 0 = 0', 

/bcA ^ X CpX Hp'ka (00s w 
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In any normal design, B # . P, p, V, and n wili bo specified; 
i)p can then be estimated or obtained from figure 9, D can be 

estimated from propeller selection charts, J can be computed, and a 
can be selected from table I* 

The value of diameter estimated from propeller selection charts 
will probably not be, exactly, the optimum diameter* The optimum 
value of D Is difficult to determine* In some cases it is fixed 
by tip-speed limitations or' by tip clearance with the ground* A 
discussion of the aerodynamic aspects of the problem of selecting 
the optimum diameter for a propeller is given in appendix D* 

Figures 5, 6, and 7 give families of Beti loadings with the 



r-*yx-o.7 

the plan form corresponding to a Bets loading Is not fixed but may 
be varied by changing the lift coefficient along the blade • The 
adjustable nature of the components, b and C^, of bC^ is the 

basis for the profile-drag analysis in part II of this paper* 

. It is of Importance to note that the Bets propeller has a 
definite aerodynamlo pitch which can be easily determined after ozw 
value of 0 at any place along the blade has been determined* 
(See equation (2) .) The blade angle distribution can then be 
quickly ascertained onoe the distribution of lift coefficient 
(and consequently angle of attack) is known from the following 
relations: 



product 




x* It Is significant that 




x tan0«j£ 




0.. tail 



we can determine 0 X if we can determine a± • ■ : 
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The vain© of . 04 la small for normal high-speed design bo that 
the angle may bo- substituted' fojtJLta sine* . Therefore, J* radians, 

• - " ■ 

The value of oj. nay "be determined, vlth flood acc u racy by 
naklng the substitution eln 0 « sin + ^) In equation (5) and 
"by using the sane approximation far sin 0 In obtaining X from 
figure 2, 3, or 4.» The value of <x± at x> 0.7 lp^ therefore. 



57^3 (oPl) 
"^0.7 " kK sin tf'i-O^ 



x»Q,7 „ 
degrees 



and 



6.5 B (bQL)-- 

**°' 7 A degrees (6) 



° 1 X"0.7 " DC sin (jfx^)^ + 2.0°) 



-1 



0*7 0,7«aD 



U* FBOfflLE IRAQ CQHSI3BRA.TICII8 

■ 

Power loss at Any Sestlon • 



In the case of a general propeller operating under specified 
conditions, the induced Iobsos are fixed for a given diameter, 
blade number, and load distribution and are a minimum if the loading 
Is the Bets loading for the specified conditions . me only changes 
in efficiency that can be. effected are those due to profile drag, 
and these changes occur in two ways t first, as a direct power loss 
and second, as a correction to the Induced loss due to the distortion 
of the wake. The familiar assumption. that Induced effects act 
Independently of profile drag suggests that, the effect of the 
distortion is small and that it may be negleoted. 
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■ Inasmuch as the prof tie-drag power loss is. In -the case Just 
mentioned, the only variable susceptible to design treatment (optima 
loading having been assumed), considerable Importance attaches to Its 
effects on performance and. design, and. especially to its effect on 
plan-form design* It is -the purpose of this section to shov how 
intimately profile-drag' considerations are Involved. In optimum 
plan-form determination* 

I 

If it is assumed that the distortion of the wake resulting 
from profile drag has but a negligible effect on induced efficiency, 
the over-all, efficiency .of a propeller having a Bete loading will 
be a maximum when the profile-drag loss of each section 1b as low 
as possible • The expression for the profile-drag power loss is 

dPj^ » SB bC^ -I'W 2 dx sin-0* + Sx cos 0) (8) 

Bow 

7 sln.0 1 + 'Sx cos 0' - W 0 



and as 



and 



0 «t 0» 



dPj^ » HB bC D |-V 0 3 dx 



and 



where W 0 , V, B, and p 'are fixed Tor the specif led case . ; . . 

Equation (9) includes,' the differential power loss ( -^J 
resulting from the torque component of the profile drag aa well as 
the differential- power loss v."'^y resulting from the thrust 
component of the profile, drag.. It may' be easily shown that 
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5& • •- 




and 




cos 



It ia clear then that (t>C-n j is the condition for. minimum 

'min 

profile-drag loss at arty a action. Because the. .quantity bC^ ia 

the lone parameter affecting profile-drag losses, lta position and 
relation to other quantities should he clearly understood. 

' As a result of the complicated interrelationships of the 
quantities affecting fcCj^, it becomes necessary to- simplify the 

problem hy making certain assumptions . It will he assumed that the 
absolute thickness distribution required can be predicted from 
previous designs . nils assumption can be made valid by successive 
approximations. It will further be assumed that variations in blade 
width can be made without affecting the thickness requirements. 
The aerodynamic factors affecting the bCj^ at any station ares 

1. Airfoil section '■ 

2. Lift coefficient or camber 

3. Section chord 

k» Section thickness 
5. Mach number 

The determination of the optimum plan form is', in fact, nothing but 
the adjustment of the airfoil section, the camber, and the section 
chord as dictated by section thickness, Maoh number, end the . 
required loading (bCt) in order to achieve the minimum drag (bCjO . 

In traditional blade design, the airfoil section family is selected 
(for example, Clark Y) and the specific section Is determined by the 
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thickness ratio, in such a cause/ there, can be no independent variation 
of camber and thickness ratio. The operating lift coefficient is 
realised by adjustment of the . angle -of attack, and no provision is 
therefore made to permit the blade sections to operate at their 
optimum lift coefficients. Thus, the conflicting conditions of high 
thickness ratios and lev lift coefficients (at inboard stations), 
and vice versa, lead to large positive or negative angles of attack 
and the accompanying increases in profile-drag coefficient. 

A nev propeller section (the i6-series airfoil) has been 
developed recently at the JFACA (reference 3) which, from preliminary 
tests, appears to be much better suited to propellers for high- 
speed airplanes than any other known sections • The nev sections 
have. very lev profile-drag coefficients and late compressibility 
stalls for their design lift coefficients . The curvature of the 
mean camber line, independent .of thickness ratio, is a function of 
the design lift coefficient, -which may' be ' selected to fit the 
Operating conditions . It has .been found that the mini mum profile - 
drag coefficient attainable for a given thickness ratio and lift 
coefficient occurs for the section designed to operate at that 
lift coefficient. When the l6*eer*es family (or any other family 
similarly derived) is used,- the. camber and the blade width can.be. 
adjusted' to yield minimum drag at any station where the lift load, 
thickness, and Mach number are known. ,• 

At a given station the product bC^ is held to a constant - 

jfaiue iarrived at from .the Induction considerations of part I. . 
Decreases in blade width then necessitate increases in camber that 
are accompanied by increases in profile-drag coefficient. The net 
effect on the section drag Index bCj^ depends on the magnitude 

of the change In b and the associated variation of Cj) Q with 

oamber (Ql) • 

Similarly, if the section thickness is constant, as previously 
assumed, decreases in blade width cause Increases in thickness ratio 
and corresponding Increases in drag coefficient. These reciprocal 
actions hint at the existence of an optimum blade width such that the 
balance of blade width (b) against profile-drag coefficient yields 
a minimum value of bCj^. These reciprocal actions also Indicate 

that "optimum plan form" is Just one aspect of "beat blade shape, " 
which includes the distribution of camber and thickness ratio. 
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Deterntlnftt^on of Beat Blade Shape 



: Tb* -problem involved in finding the beat blade shape la the 
determlnatlcai of the values of. h, . (ft,, and h/b that will yield 

the mlfaiftum Value of bC]^.» If- a plot of agaln¥£ Pl • aada 

for a family of airfoil a irlth the operating Cj, equal to the ~ 
design Ql 1 and with the thickness ratio varied aa a parameter, 
curves of the type shown. In figure 10 result- Thickness, ratio 
Increases from (h/b>£ toward, (h/b) 5. 

"• In a given oase, where bCt = kg and h - 1%, any value 

" ! " ■ *3 h : 

of Or. determines a value of b * — - and a .value of r- ■ i. ' ' 

and therefore a point on the plane. of figure 10. Then, Inasmuch , 
-as Cl can have any value In that plane, the conditions bC^ « icj 

end h « kj. determine a line In that plane* Such a line Is Aj. - Ap.* 

Bvery point on that line has a single value oT Cj,, b, h/b, ■ 

and Cj^. If these value a are combined, each point on line A-j, - 

can be plotted as a point of bC^ against b (or C^) • The 

resulting curve will show the variation of section drag With chord 
and the value a of b and for minimum bCj^ will be indicated* 

Plots of this type are shown In figure 11. 

. ■ ..Inasmuch as this- procedure Involves the profile-drag coefficient, 
it is dependent on wind-tunnel data* The data required are currently 
being made available but as yet are Incomplete* It must be kept In 
mind that, because is strongly aff eoted by compressibility, 

data taken at the proper Mach number must be used* 

1 

• * • * 

The Btffeot of Compressibility on, Plan Form 

The effects of thickness ratio and of lift coefficient on the .' 
critical speed of an airfoil section have been determined by theory 
.and verified by experiment (reference 3) • The results of the 
' lnvestigattm show characteristic curves such as curves illustrated 
in figure- 12. It Is apparent from the curves that, for a" given 
Mach number and a given thickness ratio, there is a maximum allowable 
lift" coefficient compatible with subcritioal drag coefficients. These 
airfoil data, however, are not applicable to the tip portions of 
propellers because tip effects appear to delay the compressibility 
burble* 
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If propeller wake-surrey data at high speeds are analyzed as 
curves of critical Maoh -number at known lift coefficients and 
thickness ratios, these curves have the same shape as airfoil 
critical-speed curves hut are shifted to higher Mach numbers* -. 
Accurate data In this form are needed for this type of analysis 
and are currently being made available • As only limited tests 
have yet been run (reference k) , data for only one thickness ratio 
and one airfoil section are obtainable! (See fig* 13*) 

■ At a given station of some known propeller, the Mach number 
is known* For any thickness ratio, then, the -maximum allowable 
lift coefficient and its complement, the minimum required blade 
width, are fixed. This minimum required blade width is not 
necessarily the optimum blade width • It is only the minimum 
blade width required to avoid exceeding the critical speed for 
the -given conditions* 

This concept, however, Is most valuable if these considerations 
are reversed* If the thickness ratio and the blade width are fixed 
by structural considerations ab some values, the maximum allowable 
tip speed can be evaluated* With maximum allowable tip speed known, 
the largest diameter (and therefore the lowest induced loss) can 
be computed. 

The direct evaluation of minimum blade width required is 
unnecessary. Data such as that of figure 13 can be plotted on 
figure Ik and will appear as a line similar to Bi - B2 of figure 10 

at the break in the drag curves . Because of the precipitous rise 
in Cjj^f the blade width for minimum bCj^ will always be greater 

than the minimum blade width ^required . 



IH.. EXAMPLE 



A simplified example will be carried through to show the use of 
the methods outlined In parts I and II for obtaining propellers of 
optimum aerodynamic design. Calculations will be made for the 
Betz loading and then for the optimum plan form determined by the 
loading, the thickness distribution, and the profile drag.. No effort 
will be made to design a structurally satisfactory propeller,: but 
the structural necessities of the propeller are considered by the 
use" of the thickness distribution of a known propeller of the same 
capacity. ■.. .. . . ■ 
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, _ Moderate forward spaed and moderate tip speed shall to assumed 
for this example in order that tip considerations may -not demand . 
unavailable data* The curve of figure 13 is presented for purposes 
of illustration only and should not he used too generally* This 
condition is also true of figure lk, nhioh has been constructed and 
faired from, uncorrected .data* - Hie trends, in. "both figures are 
correct, however,' end their values are approximately right* The 
design conditions assumed for this example are? 

P, horsepower • •• 1200 

n, rpa * 25 

V, feet per second •••• WO 

D, feet 11.$ 

B . * * * i * * * 3 

Altitude . . . . ' . sea level 

Sections of the NACA 16 series and the limited data available will 
he used. 



Determination of Optimum Loading 

The estimation of the value of the angle 0 is a logical 
starting point from which to begin the determination of the optimum 
loading. 



If the method indicated in part I is followed, <r * ' °-£ 



a' 1 



S ■ jtnD » 9Qh feet/second 

In equation (7), it is shown that 

ten flf* « — 2— 
^ x-0.7 0.7S 

tan 9 1 a . m 0 .695 ^ 

^ x»0.7 0.7 x 904 ' 



» 



Inasm u ch as a value of 04 must, he assumed in order to calculate 0, 
the value- ■ oj. - fi° is used and then this value is checked later. 

sin j*^ 7 - sin ^' s4)-7 '+ 2°) - a** 3^.80° - 0.599"- ■«* it** 
008 ^x=o.7 " 0,801 J 
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From equation- (3): 



In this example, the value of a ia arfeitrarliy taken as 1.875 
from figure 9, 



Therefore. . . 



*lp- O.85 



. - • / ■ \ 

. (bCr) . 0,271-ft » 3. 25- in. 

From equation (6) 

» W.0,7 . 
%-0.7 DK Bin t^^OSf 



.1 j 1 .1 



.. . 11,5 x 0.65 x 0.599 - ■ 

The effect an sin 0 of the a a sumption of - » 2° vLll be shown 
"by recalculating TdC^, 0, and 04 where 



04 » 1J.8P, 
^x-0.7 1 



Hew value of 0 = (0) - 35.98° 

Bin (0)'^^ - 0'588 

^^'x-O.T" 0 - 809 :: 



v. -<-- 



As this ezample was worked out before the quantitative value of 
the variation of a with J was established, the value of 1*875 
for a was arbitrarily chosen. A sompwbat more appropriate value, 
1 .75 , might now be selected from table I . 
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« ^ / o. 588^ / 0. 809 
» 0 .260 , . . 

■ 1. ■ ■ ■ I 

Nev value of eti „ - (£4) 1 » 1 .1^5° 

end from appendix A, the Induced eff ioiency 

tan 0' tea 3^»6° n nC 
^l-ST-taa 3^.95°* 0,96 \ 

The difference "between -the recalculated and original values of 04 

and bOj, would seem to Justify toe effort Involved In the recalculation* 

With tan 0 now known aa tan (0' + a*) at x - 0*7 end with 

x tan 0 « ~ (10) 

where 

- 0.7 tan (3^.80° + 1.1^5°) 

*1 

» 0.7 tan* (35.95°) 

- 0.7 X 0.725 - 0.507 

the value of . 0 can he found at any station simply hy substituting x 
In equation (10) • Die value of 0 X "0 .7 determines a particular 
curve of ^hj^Ly^ rj' Ta ^ le -il shows convenient tabulations of 
basic propeller factors and computations of the bOg, curve for this 

particular example to show the computations Involved in the construc- 
tion of figures 5, 6, and 7 • 

Determination of Optimum Blade "Width 

1 

In order to begin the evaluation of the blade width, a- thickness 
distribution must be assumed. For .this example, an average thickness 
distribution was taken from- commercial propellers currently being used. 
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(Sao fig. 15.) The propeller calculated on the oasis of this 
assumption vj.ll not neceasapily- "be structurally satisfactory. On 
the other hand, if the blade -width distribution of the propeller 
is not too different from regular plan forms, its structural 
properties may be easily adjusted* It is believed that the empirical 
selection of the thickness distribution vill not detract from the 
practical nature of the computations* 

mo computation of the blade width for a given section with h, 
bOj,, and H known requires but a few; simple steps, as follows : 

1* Compute the value of b corresponding to the thickness h 
for each of the h/b ratios on figure lfc. 

2. Compute Pl » bCx,/b for each of the values of b computed 

in step.l* 

3 . Locate the points determined by h/b and Ql on figure lh 

and .find the corresponding values of Cj^* 

U.'Tlot bC^ against Cj, from data in step 3 to locate 

- = T - c^w 

5* From the value of Cj, for ^ bc i^ compute b^^. . 

■ 

It is important to notice that the data such as in figure 3A 
must be at the proper Mach number for each section* In this 
example data from figure lk (M = 0 .60) is used for all stations » 
irrespective of speed differences. The effect of this simplification 
-will be discussed* Table III and figures 11 and 16 show the operations 
carried out. 

>. ' The curves in figure 11 show some very interesting results • 
Tor most of the stations analyzed, the optimum thickness ratio, is 
around 9 percent with thickness ratios of 6 percent showing definite 
detrimental effects on profile drag* In addition, the drag of sections 
with thickness ^ratios of 12 percent is consistently lower then the 

vdrag of sections with 6 -percent thickness ratios. The drag of a 
6 -percent -thick section is about equal' to the drag of a 15 -percent - 
thick section with the same absolute thickness . It should be 
remembered that in a practical design the thickness may need 
adjustment. The indicated results, however, are approximately correct* 

a.- - The drag data fatom which these curves were plotted were all 
.obtained- at a Mach ^number of O'.60O * Inasmuch as the Mach number 
£ yarie# fcom 0A6^ at ( x « 0.3 to 0.866 at x » 0.95, the results 
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aire not .exactly conclusive. ,The effect of "the increase in .Match 1 
number from root to tip would be to decrease the "blade width at 
the- root and- to increase it at the tip. The blade /width and lift- 
coefficient curves of figure l6 are cased only on high-speed _ . _ 
performance. In order to compromise for take-off and climb - - „ ■ 
performance, the design 0^ values (camber) of the root sections 
would probably be increased to give higher values of ■ 0$^, for 

those sections. The results of figure 1L shew that cuffs. may be 
desirable, even' for propeller installations with large spinners. 



In order to evaluate, the importance of the effects of change 
in plan form on the profile -drag losses, calculations of profiler 
drag power loss were mode for two blades: one blade having the 
calculated optimum plan form, and tne other having conventional 
blade form. It is difficult to evaluate accurately the drag 
coefficient of an operating. propeller section, particularly when 
the loading is unknown. .The following estimations of profile- 
drag power . loss may not, therefore, correspond to the actual 
absolute power loss. The comparative values of the two estimatioi 
however, should be accurate • 

In an earlier section of this report, the following relation 
for the differential profile-drag power loss was given: 



Comparison- of feesults 




a HB bC 




and 



« KB bC 



P v3 



dx 



sin30» 



Then ' 




B 8 in3^i 



where 




22 



Figure 17 ahova the curves of profile -drag power loss along the 



blade j ^ ^ ValUO ° f ^ lnte 6ratec ! . power loss for 



da 

each cose* 

dPW 

Also Included In figure 17 is a curve of "J£7 B for the 

optimum propeller • Thus a comparison of the induced end the 
profile-drag power loss is provided, for this propeller* The profile- 
drag power loss of the standard propeller is 33 .25 horsepower per 
hlade or 8.3 percent of the total power per blade for the portion 
of the hlade examined . The blade that has camber and blade width 
adjusted to optimum conditions has a corresponding loss of 12*27 
horsepower per blade or only about two -fifths as much • The total 
net indicated advantage is then 5.23 percent of the total power 
input r 

It must again be mentioned that these figures are obtained 
on the basis that the sections are designed to operate at fixed 
lift coefficients • This condition allows the blade width to be 
determined in the light of separate but concurrent considerations 
of thickness ratio and camber* If the plan form is made optimum 
for sections varying only in thickness ratio or if the sections 
are selected for minimum drag coefficient without reference to 
blade width, the whole benefit outlined herein cannot be gained. 

Although it is true that the indicated gains arising from 
the use of the optimum design may not be fully realized because 
of practical limitations on blade ahc/oe and size, the evidence 
provided by the comparison is, nevertheless, important In that 
it points out the gains that can be mode if fabrication and 
structural problems are solved* 

The propulsive efficiency of a propeller operating in front 
of a well -streamlined bofly need not be seriously affected by body 
interference because the loss in propeller efficiency may be partly 
compensated by a lower pressure drag (form drag) of the body in 
the slipstream* 

The pitch distribution of a propeller deslgoed for free-air 
operation should be altered, when the propeller is used in the 
presence of a body* The alterations require a knowledge of the 
velocity field in the plane of the propeller* The velocity field can be 
obtained by velocity surveys or, for certain shapes, it can be 
calculated* 
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The load distribution Tor the altered propeller may 1>e made the 
same as for the free-air design, or it may he made sooevhat lower 
over those sections affected by the increased airspeed* The best 
loading for this case- is not known; the body Influence, however, 
may affect only the less important (inboard) . sections • Three- 
quarters, or more, of. Zfre thrust Is generally produced by the 
outer half of the blade, where, for fine-nosed bodies, the body 
influence on the air flow will be negligible. ...... ■ . 



CQHCLUIflJKJ HEMAHCS 

The present work gives practical methods for obtaining (1) the 
optimum blade loading fop. the case 'When profile drag is assumed to 
be zero and (2) the best blade shape when profile drag is present 
but is assumed to act without changing the Induced efficiency* 
The theoretical bases for the two methods are also given* The use 
of the method is at present limited, by insufficient aerodynamic 
section data* It is shown that the profile drag of the propeller 
sections has a large influence on the blade shape for maximum 
efficiency. 
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'AEFHTOEX A 
AH AHATiYSIEf OF IBS JBWCED LOSS 
WEEK HKBTZLB IBAG IS ABSHHT 



Bio expression for the efficiency of a section can be shown 

to be 

tea 

^"terf- 

From figure 1, this expression, can be revised to 

V /V+jr 
^i " xtaD/ a555" 



where w ■ w^ seo 0 is an imaginary axial inflow veloo'ity that. 
In the determination of induced loss end induced effioienoy, is 
equivalent to both the actual axial inflow velocity v a and the 
rotational Inflow velocity wj>. Onus the total induced power loss 

dTl 

at any section x is - — w and 

dx 

dOS d3N dfti 
dx dx a dx 

From the fundamental Goldstein condition, x tan 0 - a constant, 
the following expressions can be derived: 

* T + w 
x tan 9 ■ ■■ ■■ - a constant 

KuD 

Therefore w, the effective axial inflow velocity, and ■ — i-y. 
are both constant along the blade. 
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The Induced efficiency loss of any section can toe expressed as 

.V 



V + w 

She part of this loss due to. axial inflow is obviDualy 

An . , % .. 
and the part due to slipstream rotation is 

t 

A *2 

An,, « „ ■ 
r v + w 

As ratios of the whole loss Ar^ these expressions beooao 

' A f » 'a- 
■ IT ° COB ^ 



and 



r -£-eln?* 



and, obviously, 



Atl a Atj r 
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■ ■ . '.APiGaran b -■■ 1 11 

SOME BCLlCAHCaiS 07 THE OOUBTEHI TEBORI 

Ho Inflow velocity for the idealiBed case, where the slipstream 
relooity is constant over the whole disk and whore the prope l l er 
is lightly loaded and causes negligible slipstream contraction, may 
easily be calculated from basic fonmilas as follows : 

Force ■ naas flow X change in velocity 

For an annular element of width dr at radius r, this relation 
nay he expressed as 

2*r o flr C H | V 2 « p &Cr dr V sin 0 2v 1 
which simplifies to 



oCj,W 
Wl " h sin $ 



CB-U 



where Cg is the vector sum of Cj, and C D as shewn In figure 1. 

The slipstream velocity in any practical case is not constant 
over the propeller disk hut consists of peaks of high velocity ahead 
of and behind each blade and valleys of low velocity between the 
blades. The peaks ahead of and behind each blade vary in magnitude 
with the radius, the number of blades, and the angle 0. The 
variation of the magnitude of the peaks with these factors was 
evaluated by Goldstein (reference 5) for a few simple oases and 
was later expanded by Lock and others to cover a wider range of 
cases, that is, for two-, three-, and four-blade propellers • It 
is shown in reference 2 that peak Inflow velocity may be obtained 
by the use of a factor K In equation (B-l)j 



thus, 

eC B W 



kX. Bin $ 



(B-2) 



where E (called the Goldstein factor) varies with the B, x, 
and 0. Plots of K against sin 0 with x as a parameter given 
in figures 2, 3, and 4 and for two-, three-, and four-blade propellers 
were reproduced from reference 2. 
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For the oaae in which profile drag- ia assumed to to zero, . 
equation (B-2) becomes 1 

y r 29£_ Cb-3) 

1 sin 0 



and 



* ™ ooa 0 ™ 4E aln 0 cos. 0 " 8K"."*xR Bin j8 coa 0 



• - 1 

As 



W * W Q » Jv 2 + (Sx) 2 

iwg sin 0 ooa 0 rtDi . 

*kv: mfo — ~~ . * 5) 

In a particular o.esign, B, a, ' D, and V will be known and, 

for optimum loading, v will be a constant. The quantities K, 0, 
W Q , and thus bOg,, will therefore become functions of x. 

... 

As 0 differs- little from 0*, it may be assumed',' as an 
approximation, that 

. hwnr/W 0 » oos 0 
and so equation (B-5) may be written 

bCfc „ Bln I °° 8 ^ (b-6) 
Bn 

• * 

which', for a particular design with optimum loading, becomes 

bOfc e KK-sin 0 cob 2 ^ CB-7) 
Equation (B-7) is the one Used in section I of this report. 
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' AFHHTOQX 0-. ■•; ■ 
A UESCDSSION QP BIAIB BOMBER 



The commonly used ten "tip loss" is a rather Inexact nans to 
apply to a loss that, although greater at the tips, extends over 
the whole "blade, the oase being para! lei to that of the induced 
drag of a tapered wing. There would he no tip loss and the 
Goldstein factor (see appendix B) would be 1 if the the propeller 
(1) had an Infinite number of blades, (2) turned at an infinite speed, 
or (3) had an infinite diameter. Corresponding conditions, that is, 
(1) infinite multiplane, (2) infinite airspeed, or (3) infinite span, 
el1.ml.nate the induced drag of a wing. 

Another aspect of the so-called tip loss that conveys a somewhat 
clearer picture is: The slipstream velocity would be constant over 
the whole slipstream cross section both in front of and behind a 
propeller with an Infinite number of blades • If the number of 
blades is reduced and becomes finite, ' variations of velocity In the 
slipstream occur and the efficiency drops from the ideal value for 
an Infinite number of blades. . One loss can.be .explained by simple 
axial momentum theory although the rotational velocities neglected 
In such theory play an important part in the loss. According to 
simple axial momentum theory, the loss in efficiency results from 
the fact that a given thruat, 'represented by the change in momentum 
of the air flowing through the propeller disk, is accompanied by a 
change In kinetic energy in the slipstream, which is greater than 
the work done (TV) • This loss will be a minimum for a given thrust 
when the velocity is uniform over any cross section parallel to the 
propeller plane. 

A simplified analogy follows: Two masses mx and mg moving 
in the same direotion at velocities vj_ and v 2 have a total 
momentum M *> mjv^ + mgVg* It can easily be proved that the kinetic 

energy, K± i ^L y l Z + TP&^i w111 a mini mum for a given M 
when the velocities v^ and v 2 are equal . 

The loss in efficiency (for a constant thrust) will clearly 
become increasingly greater as the variations (or periodicity) of 
the slipstream become greater, and the periodicity obviously increases 
as the number of blades decreases, the greatest periodicity occurring 
for a one-blade propeller. 
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Assume, for example, a hypothetical eight -"blade propeller 
turning at a constant rotational speed f If one blade la removed, 
the throat la reduced by approximately 12 .5 percent. The efficiency 
rises aa a result of the lover disk loading but the rise is offset 
a email amount by the loss accompanying the increased periodicity of 
the f loir in the slipstream. If one after another of the glades is 
removed,- the induced efficiency rises but, for each additional blAde 
removed, the offset resulting from Increased periodicity .becomes .-. 
greater until, a number of blades is reached where the removal of one 
■ more "blade, decreases rather than Increases - the efficiency • The ' 
loss caused jy the increased periodicity resulting from the removal 
of the blade more than offsets the gain in efficiency resulting ' 
from. the. lover thrust loading on the propeller disk. The critical 
number of "blades at vhich this condition is reached depends, on. the - 
operating conditions. The tests reported in reference 6 on 10-foot 
propellers seem to indicate that the critical "number of "blades for ■" 
the conditions existing in those tests. vas three. The efficiency -' 
of- the. three -blade 1 - propeller vas the same as, if not a iittle r htgher 
than, the efficiency of the two -blade propeller. The efficiency of 
a one-blade propeller, had it been tested, would probably have '•been " 
somewhat lover than the efficiency of the two -blade propeller. 
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CRITERION^ FOH HAMSTER SEtECTIOH 



The selection of the optimum diameter is another problem 
related to the design, of an optimum propeller. Two conflicting 
factors must be balanced In order to achieve the propeller of 
mayiimim efficiency. These factors are the profile-drag loss and 
the Induced loss • The profile-drag loss Increases and the induced 
loss decreases with increases in the propeller diameter if the ■ 
tip speed is held constant , 

In the determination of the relation between optimum diameter 
and the two types of propeller loss, it will be convenient to 

assume that P, ~f~)> (tip speed), p, and V are 

essentially constant and. that, for any station x, p 4 b, 0, . 0*, 
and Cj^ are also constant. Than dT^/dx for any particular 

station z will be constant and 0^ will be an inverse function 
of B; that is, Ol » k/S. 

On the basis of the previously stated assumptions, the value 
of w as given in appendix B may be expressed as 

bB Cl W kj 
V ~ Efc JtxR sin 0 cos 0 = p2 

Equation (9) and appendix A yield the following expressions for the 
differential profile-drag and induced power losses: 

^ V 3 



a RB bCn — — » koB 

dx ^2 Bin l<* • 



dP i dT. 



1 *3 
— w = — =- 

dx B 2 



As the differential power losses .ire functions only of H, then 
the over-all losses will also be functions only of B. Thus 

P^-k^B 
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The total loss, P^, vlll..be - 

■> k_ 
. ■ ' * 

If the equation la differentiated, and put equal to zero, 

■ a.,. .5i-.fi ".a -o 

dE r3 R" R 

Uxor of ore, under the conditions assumed, the opt imum diameter for 
the optimum propeller vlll he one that vlll cause P-^ ° 2P^; 

that Is, it vlll he a propeller for vhioh the profile-drag losses 
are twice as great as the Induced losses . 

• • ■ • 

In this analysis, b, for a given value of x, and tip speed 
vere held constant and Independent of variations, in B. If geometric 

11 1 

similarity had "been assumed, then b ct R . and Cr tt — =■ or 

R 

The analysis would then have produced the result fj^'* Pi* 

If the tip speed had been permitted to vary directly with R 
(that is, n » constant), another result might have been obtained. 
The equations for this case are more complex, however, and their 
solution was not attempted* 

It may be of Interest to note that, in the case of the optimum 
propeller designed in an earlier section of this report, the power 
losses, expressed as percentages of the total power input, were 

P Do -3.07 

- U.00 

These values suggest that a lover total loss, P^, might have been 
obtained if the diameter had been larger* 
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TABLE II 

COMPUTATIONS FOR OPTIMUM BLADE LOADING 
AND FIXED BLADE CHARACTERISTICS 



X 


tan (J 


0 
(dag) 


sin 0 


cos 0 


K 


cos jp 


(K sin 0) 
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TABLE III 
SAMPLE COMPUTATIONS 



Table jf.Fig; 
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from figure 1I4. 
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Pigure 9.- Efficiency-curve envelope, taken from referenco 6, for three-Dladed 5868-9 propeller 
with Clark Y sections. 
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Figure 10.- Envelope drag curves for family at M ■ K. £ 
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Figaro 13.- Extrapolated curve of critical speed for propeller tip with 6-percent high-speed 
section from data in ref oroncos 3 and 4. 
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Curves of power loss for two propellers. 
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